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Apparently Odquist [1} first investigated the state of stress of a circular cylindrical shell,
loaded along lines on a surface, in 1946. A shell reinforced at the endfaces by rigid bulk-
heads and loaded along a segment of the generatrix by a uniformly distributed radial and
circumferential loading as well as a circumferential bending moment was considered here.
The solution was constructed by starting from an approximate equation obtained under the
assumption that there were no circumferential deformations and shears of the middle surface,
and also no longitudinal bending moments and torques. At the same time the Shoessow and
Kooistra experiments [ 2] (1945) showed that there is no foundation for not taking account
of the longitudinal moment since the ratio between the longitudinal and circumferential ben-
ding moments may reach 0.5. A freely supported shell, loaded along the generator by radial
forces and circumferential moments, was considered in [3] in 1954 by utilizing shallow shell
equations. The solution was constructed by starting from a system of homogeneous equa-
tions for a shell slit along the loading line. The external forces and the desired quantities
were expanded in Fourier series in the longitudinal coordinate. Such a method of solution
is not efficient if the series for the external forces converges slowly.

In considering herein a closed circular cylindrical shell loaded along an arbitrary line
of the middle surface, the méthod of computation is based on using the Green’s function,
the solution due to a concentrated force. Hence, a particular integral is constructed which
corresponds to the solution of the problem for an infinite shell. The boundary conditions on
the endfaces may be satisfied by adding on the solution of the homogeneous equations.

1. It is known [4] that the solution of the system of equilibrium equations in displace-
ments is equivalent to the solution of three separate linear differential equations in the
three displacement functions ‘I’j:

DY, +fX;=0 G=1,23) (1.1)

where D is an eighth order linear partial differential operator; f is a known constant; X; are
components of the external surface loading intensity directed, respectively, along the gen-
erator, the arc of a circle, and along the circumference and normal to the shell surface.

In considering closed cylindrical shells the functions X; in (1.1) are periodic in the cir-
cumferential direction. Let a linear force ¢ with the components ¢; (j = 1, 2, 3) act along
some arbitrary line l(fo, 90) of the shell surface. In this case the X, in (1.1) may be repre-
sented as

1
X,-(E,ﬂ)=;,§§q,~(io,ﬂo)6(5—£o,e—eo)dl (&=—%—,e=—%)
dl = VdE? + do® (1.2)

Here x, y are the longitudinal and circumferential coordinates of the surface; R is the
radius of the shell middle surface; 8(¢£, 0) a periodic delta-function which may be represen-
ted in the form
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5k, 0) = (__ -+ S‘ cos ne)oi)cos WE dp (1.3)
0

n=1
We represent the solution of {1.1) by integrals analogous to (1.2}

(E 8) = nzgSq (Ea, 00) G (§ — Eo, 8 — o) di (1.4)

For an arbitrary external loading g; the problem reduces to finding a Green’s function
G independent of the form of g;. We have the following Eq. for G:

DG, 8)+ 8( 0) =10 (1.5)

The solution of (1.5) is known. Juan [ 8] first obtained it in 1946 in considering the ef-
fect of a concentrated radial force on a shallow cylindrical shell. In 1951 Darevskii [6] gen-
eralized the solution of (1.5) for the shallow shell equations in the Love version.

Knowing the solution (1.4) due to a normal linear force ¢, we can obtain the solution due
to the linear bending moments M, and M, acting along the line [, if we understand these
moments to be given by the limiting relationships

M;= R lim (2AEgs), My= R lim (2A0gs)
AE~>0 A9—0

Such a solution is

I a3
‘FsM (gg e) J‘21?2 5 {Ml (E,ﬂ, 0) aa IMZ (20}60) ?"} G (E - gD: 6 hamt 90) di (‘16)

If the functions (1.4) have been found, then the axial u, the circumferential v, and the
radial w displacements of the middle surface are determined by means of Formulas

3 3 3
q \
u= 3 Dy¥;, v= Z Dp¥,,  w= ¥ Dy¥; (1.7)
=1 j=1
where D; = D, ) are linear differential Operators. For the shell theory version presented in
the monograph {4} we have:

1—w 04 a4 1—wv o2 a2
Dy=—73" 65}‘*’0[663_*_2( V)aiaaez+2§e—4‘+"< 5 3—534—%;)?74?!
a2 1—w ) g2 a2 1
Dua=— ¢35 {——4» aﬁ[v{2—~v)§§+vaeg zvvx]}

f—v/ & &\ 1+w ad
D13-_=-—2—<v653 85603)—'— 5 a? ((2_‘V)6£3363+ 55394]

{—w 92 {—y o2
D=5 [200 49 g + 58 + o (3 + ) O

1—w 9 89 : 85
Due= "7 [ 4 ) i —aws | — o+ @ — ) g +

4—3v-v2 35 i1—v 88 f—w
2 gEae T T2 565]’ Dy =—5—
a2 92 52 52 h?
V=t G taw) o -nm @9

Here v and & are the Poisson coefficient and shell thickness, respectively. The operator
D corresponding to (1. 8) is:
o4 o4
D=V + 4t g 3;,4 +2(—?) 354 662 + 8 5E pe 353 594 + 2558 aea + 4 g3 592 382 902 + 380 (1.9)

1 —v2
ad

4t =
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The underlined terms in {1.8) and (1.9)(*) correspond to the theory of shallow cylindrical
shells. The displacements due to the moments My and M, are determined by the third mem-
ber in (1.7) if W35 from (1.6) is substituted in place of V3.

Let &, &, ©, %;, ¥y respectively, denote the longitudinal and circumferential strains,
the shear strain of the middle surface, and the longitudinal and circumferential bending
strain.

Taking account of (1.7) and (1.4), we obtain from geometric relationships

3
2(1
x5 0) = b 6 S g (G, O ey5(E — B, 0 —B0) (1.10)
1 =1

The strains &,, @, Bx,, B%, are of analogous form, and are represented in terms of the
appropriate Green’s functions e, @j, %15, ®p;. The stress resultants and moments are ex~
pressed in terms of (1.10) from physical considerations.

The described method is convenient in that the solution of the problem is reduced to de-
termining the Green’s function G from (1.5) independe ntly of the form of the external forces.
The strain and stress resultant components are determined by integration in Formulas of the
type {1.10). The method is suitable for loadings acting along arbitrarily disposed lines, as
well as for arbitrary surface loadings. It is conveniently used in problems where the stress
resultant g; is to be determined. In this case it is necessary to solve integral equations.

2. Taking account of {1.3), the particular solution of {1.5) is taken as

e
G (5, 0) = —1/1Go(E) — D) G, (E) cos nd (2.1)
Nl
Substitating (2.1) into {1.5) for G, (£), we obtain ordinary inhomogeneous differential
equations whose solution is

2 ~% ]
G (&)= Go(E)= *32%;- [3‘ [EpP— e%,, (cos xE + sinx | & ;)] (2.2)
n e‘Q’j‘n"‘El
Gn(B)=Z7x Z IXRCETE) (a;cos p;nE 4 b sinp.n | E|) (2.3)
j=1

where p; and g; are, respectively, the real and imaginary parts of the roots of the character-
istic equation corresponding to the differential equation for G, (&), wherein the values of
q; are taken positive

a;==p; [ T 4(P*ay® — Pgy?) F 4AgP2L by =g, 112 F 4(pyq2 — P2 + 44p 71 (24
A = [A 3 & (p1gr + Paga)’Ll4? 4 4 (P10 — P202)) A=p?—a'—p’¥a’
The upper sign is taken in (2.4) for j = 1, and the lower for j = 2. It is assumed in ob-
taining G ,(£) that »2> 1.
3. In general, the Green’s functions &;;, ®j,%;; (=1, 2 j =1, 2, 3), ia Formulas of
type {1.10) increase without limit in the neighborhood of the point £ = Eo' 6 =8,. We obtain
the principal value e,;°, ©;°, %;;° of these functions if we take G ° from the solution of Eq.

ViVIGT (8, B) + 6 (8, 0) =0 (3.1)
in place of the Green’s function from (1.5}).
This solution is
n

o emlEl
660 =— T 3 L [(RIED +6(n[E)+15 (n]E|+ D] cosnd— L T [E]
n=1 .

*} Editor's note: No terms have been underlined in the Russian original.
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Operating on G ° exactly as on G in obtaining the Green’s function in (1.10), and hence
retaining only the highest derivatives in the differential operators for &;;, ®j, Xij (because
only such operators may yield unbounded components for &;;, @j, %ij), we obtain

811°=—%[(1~V)¢1+%_l¢z]» 812°=—n—(%}—ﬂ(‘l’2*—¢1)
eu°=i18ﬂl% 822°=—%[§—2——"¢1—1—;L—Y%] (3.2)

of =— T M=%+ A+ V0], o = — - [26:— (1 + ) qa]
nﬁ:uﬁ:%[%]ﬁl—%ln(chE—~cose)]

where
‘p1=[§le”"lmcosn9+%}sign5:%-zﬁsi%
(pzzngln|E|e‘"!E'cosnﬂsignE=——%Eé—fg% (3.3)
‘Plzg'le_"'&'sinne:%ﬁs_a

¢g=§1n|5|e‘"lzlsinn0:%5@%%%)—z

Let us note that formulas of type (1.10) yield a closed solution for an infinite plate load-
ed by forces ¢; along an infinite number of segments arranged at 27 R intervals in the direc-
tion of the y = R axis, if the functions (3.2) are substituted in plade of £;j, ®j, %;j. Such
a plate is obtained if the cylindrical shell is represented as an infinite sheeted surface
(roll of material) each of whose branches is loaded exactly as is the considered shell, and
then such a surface with the loading is unrolled on a plane. If the plate is not bent (g5 = 0),
then we have the following values of the stress resultant forces at infinity: T; =0 A and
T; =oy,h and for the shear

ir1 . 1 1
Ty=— 5 [m g QR dl] signg, Ta=—vTy, S=— 3 ok g qaR dl (3.4)
1 i

In bending the obtained results may be considered as a particular integral for an infinite
strip with edges parallel to the y-axis.

The principal values of the Green’s functions (3.2) permit asymptotic formulas to be ob-
tained for strains and stresses increasing without limit to the neighborhood of the ends of
the loading segments. Asymptotic formulas are presented below for the case when the load-
ing is along a segment of the generator or arc of a circle. Two cases are considered sep-
arately:

a) When arbitrarily distributed stress resultants g, and ¢, are bounded on the segment
a < &< b of the generator. In this case the asymptotic formulas are

34w {1 —w 1 —w
Nh=F g @, M=t 76 @ne, S=F 4@, (3.5

where Ty, T,, S are the longitudinal and circumferential tensile forces and the shear force
of the middle surface, respectively; p, is the distance from the point ¢, coincident with
either a or b, to the point at which the forces are sought. The upper sign is taken for the
neighborhood of the point a, and the lower for b. The forces T, and T, due to the loading
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g,, and also the force § dueto ¢,, will be bounded. If the functions g, and g, vanish at
the endpoints of the segment, then all the forces will be bounded;

b) The forces g, and ¢, in the neighborhoods of the endpoints a and b are, respectively
9;=9,) VE—a, ¢;=q¢°/Vb—E (=12 (¢ =const)

We obtain such a nature of the singularities, for example, for tangential forces ¢ trans-
mitted to the shell from stringers loaded at the ends by similar forces.
In this case

) 1 :ig.! o &

Ty = 4]/_{3-}-'\;—&—( +v)cos cos 7 |sin 3

° o 3a o
TaziFéqlp [1-—v+(1+v) c08 5~ cos ?]sin—i— (3.6)

Si~ T a° (1_1—}—\7 o a) o

2 V_- 5 sin - sin —5- ) cos 5~
~ g +v a 3a o
T, 4V ( v+ —5sin 5-sin 2)c032

97" t4v , a . 3a o
Ty — _.(1+ sin =5~ sm-—) oS 5~
4V, 2 2 2 2

o 3¢ o
S;zj;4 k[i—-v-—(i-&v) cos-é—cos—i-]sin-.—z-

where a is the angle between the segment (g, b) and a vector connecting the point ¢ or b
to the point z where the appropriate force is determined. This angle is measured from the
segment {a, b) counter-clockwise if z belongs to the neighborhood of the point a and clock-
wise if z belongs to the neighborhood of the point b. As before, the upper sign is taken for
the point a in formulas with the double sign.

Formulas (3.5) and (3.6) remain valid even for forces acting along the segment of an arc
it7,, T,, S, q,, 9, are replaced by T, T,, -5, q,, —g,, respectively,

The behavior of the moments in the neighborthood of the points a and b of the shell chan-
ges when one version of the theory is replaced by another. When using different versions of
the *‘exact” theory, the nature of the singularities will be the same as for the forces, how-
ever, the asymptotic formulas will differ for the different modifications. If we start from shal-
low shell theory, the moments due to the forces g, and g, will be bounded. Under the effect
of radial forces g, the membrane stresses will be bounded, there are no moments.

Let us note that the asymptotic Formulas (3,5) and (3.6) are identical to the correspond-
ing formulas for plates. In the particular case when g, and g, are constants, Formulas (3.5)
agree with the Formulas in [sl.

4. In investigating the state of stress of cylindrical shells reinforced by stringers or
frames which take on the external forces, the problem of determining the forces in such kind
of stiffness elements, and the forces being transmitted from the stiffness elements to the
shell has to be considered. In this case the loadings g; in formulas of type (1.10) are sought,
From the conditions of the connection between the strmgers, frames and the shell it is pos-
sible to obtain integral equations to find the forces g; . These equations are often singular
because of the singularity of the Green’s functions &;;, which are defined in this case on
the line of action of the loading on the generator or arc of a circle. In similar problems it is
especially important to isolate the principal value of the Green's function since this affords
an opportunity to utilize the well developed theory of singular integral equations. The aunthors
used such a procedure in examining loading transmission from stringers to a shell. Let us
simplify the form of the principal values of the Green’s functions so that they could con-



1152 E.L Grigoliuk and V.M. Tolkachev

veniently be used in connection problems.
It can be shown that the asymptotic equality

D etz mt ) R zg(cth IETI_ 1)
n=1 n=1

is valid in the neighborhood of the point &= 0.
Taking account of this equality, the following can be taken on the generator §= 0 in
place of the asymptotic formulas (3.2):

x@B—-v) & n(d+v) . E

(@)= —"gg othy,  em'="p—cthy (3.7)
n{l— 1
o (E) = — “"(—8—12‘ cth é— , sag® (E) = Hag® (E) = — “ﬂgaz v) n (2 sh %_!)

The functions £:15° (), @,° (§), €25° (§) equal zero at H=0.
From (3.2) we find on the arcs of the circle £= 0

sl -+ wv) (3] {3 —v) 8
e’ (8)= ——z—ctg 5, 89y° = — ~————clg 5
16 2 16 2 (3.8)
n{l—v) 0 n(t— e
0° (0) = — "LS——— cth 5 %13” (0) = ng” (0) = — “—gﬁ—\-’)— In (2 sin —2—)

The functions &;,°, £x°, @2° equal zero at £ = 0.

Integral equations with kernels of the form (3.7) may be solved either directly or by re-
duction to equations with a Cauchy kernel. The theory of equations with the kemels (3.8),
namely, equations with Hilbert kernels, has also been well worked out.
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